Abstract. For a finite ring R with identity and a finite unital /{-module V the set C(R; V) = {/: V-* V\f(av) = af(v) for all o e R, v e V) is the centralizer near-ring determined by R and V. Those rings R such that C(R; V) is a ring for every R-module V are characterized. Conditions are given under which C(R; V) is a semisimple ring. It is shown that if C(R; V) is a semisimple ring then C(R; V) » EndR(P").
1. Preliminaries. Let G be a group and T a semigroup of endomorphisms of G.
Then C(T; G) = {/: G -> G|/(0) = 0 and/(ya) = y/(a) for all y E T, a E G) is a near-ring under the operations of function addition and function composition, and is called the centralizer near-ring determined by T and G. Moreover, every near-ring with identity arises in this manner [6, p. 50] . It has been shown by Betsch [1] that N is a finite simple near-ring with identity if and only if there exists a finite group G and a fixed point free group of automorphisms T of G such that TV as C(T; G). The structure of C(T; G) for various G's and T's has been investigated in [2] , [3] and [4] .
Throughout this paper R will denote a finite ring with 1 and V a finite unital Ä-module. The corresponding centralizer near-ring is C(R; V) = {/: V-* V\f(rv) = rfiv) for all r E R, v E V). In dealing with C(R; V) we may assume, without loss of generality, that V is a faithful Ä-module, for we have C(R; V) = C(R; V) where Fis a faithful Ä-module, R = /?/Ann(F).
In [5] we showed that if R is a finite simple ring then C(R; V) is a simple near-ring. This result is used to obtain the following generalization.
Proposition.
Let R be a finite semisimple ring and let V be a finite R-module. Then C(R; V) is a semisimple near-ring. Hence if <p(/) = 0 then / = 0. Therefore <f> is an isomorphism and from Theorem 1 of [5] each C(S¡; V¡) is a simple near-ring.
A type of converse to the proposition is also true. If C(R; V) is a semisimple near-ring for every Ä-module V then in particular C(R; R) is semisimple. But C(R; R)is anti-isomorphic to R so R is a semisimple ring.
Again using Theorem 1 of [5] if R = S, © • • • ®Sr S¡ simple and not a field, or 5, is a field and dim5(I^) = 1, we have C(R; V) is a semisimple ring. Moreover, in this setting, C(R; V)'= EndÄ(F). (See proof of Theorem 1 of [5] .)
It is the goal of this paper to consider the following questions which arise naturally from the above remarks.
A. Which finite rings R have the property that C(R; V) is a ring for every Ä-module VI B. If C(R; V) is a semisimple ring when is C(R; V) = EndÄ(K)?
C. Which semisimple near-rings have the form C(R; V) for some pair (R, V)1
In the next section we answer question A. In §3 we show that if C(R; V) is a semisimple ring then one always has C(R; V) = EndÄ(K). Moreover if C(R; V) is semisimple then information about the structure of the simple components is obtained, giving a partial answer to question C.
2. Strongly noncommutative rings. In this section we characterize those rings R such that C(R; V) is a ring for every V. Recall that if R is a finite ring with identity then R = T + M where T n M = (0), M is a subgroup of rad R and T = T, © • • • © T,, 7j a complete n¡ X n¡ matrix ring over a local ring L, with T/rad T s R/rad R [7, p. 162] . Moreover there exist mutually orthogonal idempotents ex, . . . ,e, in R such that 1 = ex + • • • + e, and T¡ = e,Äe, for each /'. Also R/rad R = 5, © • • • ©5, where each S¡ is an «, X n¡ simple matrix ring and T¡ is mapped onto S¡ under the natural homomorphism R -» R/rad R (see [7, p. 162-163] ). We say R is strongly noncommutative if n¡ > 1 for / = 1, 2, . . ., t. Theorem 2.1. For a finite ring R with identity the following are equivalent:
(i) C(R; V) is a ring for every faithful R-module V; (ii) C(R; V) = EndÄ(K)/o7-every faithful R-module V;
(iii) R is strongly noncommutative.
Proof. Since (ii) imphes (i) is clear it remains to show (iii) implies (ii) and (i) implies (iii).
Suppose R is strongly noncommutative where, as above, R = T + M, T = T, © • --© T, with each T¡ an n, x w, matrix ring over a local ring L, and n¡ > 1 for each /'. If V is a faithful Ä-module then F is a faithful, unital T-module and C(R; V) G C(T; V). Thus it suffices to show that for each/ E C(T; V) and for can be embedded in C(R; V) as follows. For g E C(R; IV), define g: V-* V by g(r + kx + k2) = g(kx + kf). We note further that since R/I is a field, AnnÄ(ffO = / and so C(Ä; ff) as C(R/I; W) as C(AT,; W). Since dim^ ff = 2, it follows from Theorem 1 of [5] that C(KX; W) and hence C(R; W) are not rings. Consequently C(R; V) is not a ring, a contradiction. Thus it must be the case that R is strongly noncommutative.
For any finite ring R there exists an Ä-module V such that C(R; V) is a ring; e.g., let V = RR. Moreover it is always the case that EndÄ(K) Ç C(R; V). We now give an example to show that it is possible for C(R; V) to be a ring and yet C(R; V)*EndR(V). Let [ex, e2, e3) be the standard basis for the vector space V over GF (2) . Then V = R(ex + e2 + e3) u Re2 U Re3 and the relation f(ex + e2 + e3) = fief) = f(e3) = ex determines a function in C(R; V). But fis not in EndÄ(F) since f(e2 + e3) =?= fief) + f(e3). Hence EndÄ(K) =£ C(R; V).
In the next section we show that if C(R; V) is a semisimple ring then C(R; V) = EndÄ(F). Because it has characteristic p¡, R¡ is an algebra over the field GF(p¡) and so the Wedderburn principal theorem [7, p. 164 ] holds for R¡. Consequently R = 2V © S0 + N where each S0 is a simple ring and TV is a nilpotent ideal of R.
The following example shows that there exist semisimple centralizer near-rings that are not rings.
Example 3.1. Let R = R © F where F = GFÇL) and R is the simple ring of 2x2 matrices over GF (2) . Let V¡ = {(*)\x,y E F), i= 1, 2, and let R act on V = Vx © V2 componentwise. Then C(R; V) s C(R; Vj) © C(F; Vj) where C(R; Vj) is a simple ring while C(F; Vj) is a simple near-ring which is not a ring. Hence C(R; V) is semisimple and not a ring.
For the remainder of this section we assume C(R; V) is semisimple and investigate when C(R; V) equals EndÄ(K). Proof. An element of W has the form w = 2 n¡,v¡ with i =£j. For nk, E Nu and nvVj E Bj we have -"ftytj, E Bk if k ¥=j and nk/n0Vj = n^n^vj) E Bk if k = j. In this manner it is seen that NW G W. Also if s E Sx © • • • ®S, then srtyV, = (sn¡j)Vj E B¡ since sn¡j G N". Hence SW G IT^and If is an Ä-submodule of V.
The second part of the lemma is straightforward and is omitted. To prove the last part if suffices to show that B¡ G WL for each /'. To this end let v¡ = nyVj E B¡,
f E C(R; V). For k * i we have/fo + vk) = fivf) + f(vk). For v¡ E V" f(V¡ + v¡) = f(n¡jvj + vj) = f((ny + ej)(vj + vj)) = (ny + ej)f(vj + vj) = («, + ej)[f(vj) + fa)] = fa) + f(v¡).
With this it is easy to see that/(t), + v) = f(v¡) + f(v) for all v E V, as desired.
From the lemma, every / G C(R ; V) is linear on W and moreover /( W) G W. Suppose now that C(R; V) is simple. Then the map f -* f\W is an imbedding of C(R; V) into EndR(W). Also W ¥* (0), for otherwise NtjV} = (0) for each i ¥=j and so each V¡ is an Ä-module and C(R; K)-invariant. Hence C(R; V) would not be simple. Thus W ¥= 0 and C(R; V) is a ring. This provides an alternate proof to Theorem 2 of [5] . (ii) C(R; K) = End/?(K). 
